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Question 3. In the two-variable model

yi = By + Boxo; +€, i=1,...,11

Suppose that 2fz1 = 2,zbxe = 2,2 20 = 1,2y = 2, 2hy = 1,9’y = 7/3 where z1, 25 and y are the column
vectors with typical elements x1;, x2; and y; respectively.

Assume ¢; ~iid. N (0, 062). Suppose you would like to make out-of-sample predictions about the left-hand-
side (dependent) variable for two hypothetical observations with the following characteristics:
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Insert the observations in the formula

G12 = Pr171a2 + Pota1a =1-54+0-(-2)=5
U13 = 31551,12 + Bszz,u =1-34+0-(-7)=3

LY =T

1 1 1
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g _n—QZei_n—QZ(yl y) = _22(% xlz)
1 , N 1 (7T 1
_nQ(Zyi_szzx“Jerli)_n2(3_2'2+2)_27

1. Construct 80% prediction interval for the dependent variable y15 and 3.
Let X* be a row vector containing the values of the future observation.
yr=Xp+e . B=X'X)"XYy
If, Var(é) = 621, X is Full rank
Var (y¢) = Var (X*B + é)

= Var (X" (X'X) "' X'y) + Var(e)

= X* (X'X) " X' Var(y) [X* (x'x)"! X’}/ +6°

=&2XH (X'X) T XX (X'X) X 462

= 52 (X*(X’X)—lX*’ + 1)

Denote

Xip=[5 -2]

ALY

(X’X)*:;[fl 21]

&2_217

Var(y12)—217<[5 _2];[_21 —21H_52]+1)—1

Var@lg)_;?([g _7];[_21 —21][37]+1)_217<1§f3+1)
Thus

80% PI for yiz = {gu +1(g.1.0)/Var (yw)} — 5+ 1.383 = [3.617, 6.383]

80% PI for y13 = {gylg +t(0.1,0)\/Var (ylg)} = 3+ 1.383 x 141 = [1.050, 4.949]
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2. Construct 80% prediction interval for the expected value of y12 and y13.

Var(ys | x) =Var (X*B)
= Var (X* (x'x)~" X’y)

/
= X* (X'X) " X'Var(y) [X* (X'X) ' X

=62X* (X'X) ' X'X (X' X)X
= 62X (X'X)IX
1 1[ 2 -1 5 26
o= (15 13[4 ][ 5))-2
1 1[ 2 -1 3 1
w315 1[5 ][54

80% PI for E (y1o | £12) = {gw +tore - VVar (v | m)} — 5+1.383

80% PI for E (y13 | 713) = {glg tto10  VVar (yis | zlg)} —3+1.383

3. Do the answers above differ? Why?

158
S~ =1.951
3
26
- =[3.642,6.357
57 = [3.642,6.357]

-1.397 = [1.068,4.932]

Prediction intervals for y12 and g5 are wider than PI for F [y;2 | 12] and E [y13 | z13] -

Because PI for y12 and y13 including the uncertainty (the error term

£).

page 3 of 3



